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Abstract 

It is in general very subtle to integrate over the odd moduli of super Riemann surfaces in 
perturbative superstring computations. We study how these subtleties go away in favorable 
cases, including the embedding of Af = string to Af = 1 string by Berkovits and Vafa, and 
the relation of the graviphoton amplitude and the topological string amplitude by Antoniadis, 
Gava, Narain and Taylor and Bershadsky, Cecotti, Ooguri and Vafa. The Poincare dual of 
the moduli space of Riemann surfaces in the moduli space of super Riemann surfaces plays 
an important role. 



1 Introduction and Summary 



Perturbative superstring amplitudes are given by an integral over the moduli space M. of 
super Riemann surfaces [HE]- As clarified in a series of papers last year [3H5], general 
properties of superstring amplitudes can be formulated and be understood directly in terms 
of Ai. That said, practical computations were often done by first reducing the integral on 
M. to an integral on the moduli space M. red of Riemann surfaces^, using a projection 

p:M^M red . (1.1) 

A main source of the difficulties is that p cannot in general be globally holomorphic when 
the genus is sufficiently high [6]. This fact introduces various subtle global issues when one 
tries to first integrate over the odd moduli. This problem was often called the ambiguity of 
the integrand in the literature. 

Yet there are favorable cases where superstring amplitudes can be reduced to bosonic 
string amplitudes by showing a relation schematically of the form 

/ F= f F' . (1.2) 

JM JM rcd 

Two examples are 

• the embedding of an arbitrary bosonic string to M = 1 superstring by Berkovits and 
Vafa [7], and 

• the reduction of the graviphoton amplitudes in Calabi-Yau compactifications to the 
topological string amplitudes by Antoniadis, Gava, Narain and Taylor [5] and by Ber- 
shadsky, Cecotti, Ooguri and Vafa [9]. Note that topological strings are bosonic strings 
as far as the integration over the moduli space is concerned. 

The aim of this short note is to show that the so-called ambiguity of the integrand does 
not affect these equivalences, because only the holomorphic inclusion 

l : M rcd M (1.3) 

is used in the analysis. Namely, we will find below that the integrand F on the superstring 
side automatically has the form 

F = F APD[M rcd ] (1.4) 

where PD [Aired] denotes the Poincare dual of the bosonic moduli space in the super moduli 
space. This structure is a consequence of a simple argument involving charge conservation 
on the world sheet. 

1 In this article we use X rc( j to denote the bosonic part of the supermanifold X, following [3J. 
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In the formalism using the picture changing operators pQ , our observation can be summa- 
rized as follows. In a patch of the supermoduli space, we can integrate out the odd moduli, 
producing the insertion of picture changing operators. Changing the positions of the picture 
changing operators in general produces an exact form on the bosonic moduli space. This 
leads to various ambiguities in the integral when we glue together the contributions from 
various patches to obtain the total amplitude. The observation of [3H5] is that this ambiguity 
is in general unavoidable if we insist on trying to reduce the computation on the integral 
over the bosonic moduli space, and that the computation free of ambiguity is possible if we 
consider the integral over the supermoduli space as it is. Therefore, when computing general 
amplitudes, it is not a very good idea to start from the integration over the bosonic moduli 
space of correlation functions with picture changing operators and then to worry the possible 
ambiguities. 

What we are going to show in this note is that the two favorable cases mentioned above, 
and in general the condition (jl.4p . correspond to the cases where those exact forms are zero 
and correlation functions are completely independent of the positions of picture changing 
operators. In the case of embedding of the M = string to A/" = 1 string, this independence 
was already mentioned in the original paper [7j. The independence on the positions of picture 
changing operators in the graviphoton amplitude is a new observation. 

Differently put, the two cases mentioned above and in general the case covered by (II. 4p 
are very special in that the integral over the supermoduli space naturally reduces to an 
integral over the bosonic moduli space. Therefore we use a more general framework of [HHH] 
in this note, explaining the correspondence with the more traditional framework of [I] in 
appropriate places. For example, using picture changing operators corresponds to taking the 
worldsheet gravitino to be supported by delta functions. Our results applies to more general 
gauge choices of the worldsheet gravitino; the only condition is that the gravitino is zero 
where the physical vertex operators sit. 

The rest of the article is organized as follows. In Sec. [2] we review the basics of the 
superstring perturbation theory as an integration over the moduli space of super Riemann 
surfaces. In particular we recall where the difficulties from the integration of odd moduli 
arise. In Sec. [3] we explain when these difficulties do not arise, thanks to the appearance of 
the Poincare dual of the reduced space in the superspace. There, we also mention how the 
situation can be described by picture changing formalism. In Sec. H] we apply this analysis 
to the embedding of the M = string to M = 1 string by Berkovits and Vafa, and in Sec 
the same analysis is similarly applied to the reduction of the graviphoton amplitudes to the 
topological string amplitude. 

We note that the contents of Sec. [3] and of Sec. H] and much more were independently 
reached by Witten [10J. 
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2 A short review on integrals over supermoduli 



In this section we collect the basics of supermanifolds and super Riemann surfaces to for- 
mulate superstring perturbation theory. Those readers who are familiar with the contents 
of [3H5] can directly skip to the next section. 

2.1 Supermanifolds and super Riemann surfaces 

A supermanifold of dimension p\q, where p is the bosonic dimension and q is the fermionic 
dimension, is constructed by pasting subsets of superspace K p ' 9 . Two patches represented 
by coordinates {x l \9^) and (x u \9 ,JJ ) are glued together with gluing functions: 

x 1 ' = f{x\6), 6" = V{x\0) (2.1) 

where / is even and ip is odd. If / and ip are both real, then the resulting supermanifold M 
is called real. If the constraint is only f(x\6 = 0) is real, then M is called cs manifold. If we 
replace M p|(? with and require / and ip to be holomorphic , we get complex supermanifold. 

We can construct an ordinary manifold M red , called the reduced manifold, form super- 
manifold M by ignoring all fermionic things. Gluing functions of M re( j is simply f l {x\9 = 0). 
Reduced manifolds of real or cs supermanifolds are real manifolds, and reduced manifolds of 
complex supermanifolds are complex manifolds. 

If we can take coordinates such that / of (12. ip depend only on bosonic coordinates, the 
manifold called projected. All smooth supermanifolds are smoothly projected but in general 
complex supermanifolds are not holomorphically projected. This prevents us from naively 
dealing with odd moduli of superstring worldsheets. 

We have to integrate superfunctions over supermanifold to set up superstring pertur- 
bation theory. We define an integral top form as Q = f(x\9) Yl i 5(dx l ) <5(d6> M ) where 
dx l = S(dx l ) for bosonic variables x l . The integration of an integral top form Q over a patch 
U a is defined as: 

/ V\ Ua := I W^fUx) (2.2) 

where we expand Q\ v as 

Q\ Ua = (f(x) + f,(x)6» + ■■■ + f m (x)l[eA Y[5(da*)l[5{d^). (2.3) 

With this definition, we can check the validity of various natural properties that integration 
operations should have, for instance the super-analog of Stokes' theorem. 

For Q to be globally defined, Q\ Ua and fl]^ should be glued together by gluing function 
gluing U a and Up. Note that this consistency does not always mean the gluing consistency of 
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the locally defined top form /mi Ili d^ 1 on the ordinary manifold M re d. A concrete example 
can be found in subsection 12.51 

M = 1 super Riemann surfaces are complex sup ermanif olds of dimension 1|1 with odd 
deformation parameters rj with gluing functions of a particular form given by 



This is the constraint so that the superconformal transformation generates the coordinate 
change as defined in (12.41) . 

The supermoduli space Ai is the complex supermanifold which parameterizes isomor- 
phism classes of super Riemann surfaces of certain genus. The dimension of Ai is 3g — 3|2g — 2 
for g > 2. 

Super Riemann surfaces which can be constructed without any £'s are called split. For a 
split super Riemann surface, the transformation (12. 4p means that 6 transforms as a section 
of a spin bundle of the reduced Riemann surface £ re d. So, the reduced space Ai re d of 

the supermoduli Ai is isomorphic to the moduli space .Mspin of ordinary Riemann surfaces 
with spin structure. 

Super Riemann surfaces with punctures represents superstring worldsheets with vertex 
operators. There are two types of punctures, NS punctures and R punctures. The dimension 
of the moduli space Ai nNStnn of Super Riemann surfaces with tins NS punctures and tir 
punctures is 3g — 3 + n NS + n R \2g — 2 + n NS + 

To compute superstring amplitudes, we first define the moduli space for the right mover 
AAr and that for the left mover A4l- For type II theory, both are supermoduli spaces and 
for heterotic theory one is a supermoduli space and the other is an ordinary moduli space. 
Then we define a integration cycle T C A4l x A4r such that r re d equals the diagonal Ai re d 
of .M^red x M.L,m&- Then superstring amplitudes are given by an integral of a top form on 
T. The choice of V is not canonical, but integration on V is. 

2.2 Superstring amplitudes as integrals over the supermoduli 

Superstring perturbation theory is given by an integral over the super moduli space of a top 
form 



involving the action / and the product of vertex operators V = FT V; where each vertex 
operator V% is an unintegrated vertex operator of conformal dimension and picture number 
— 1 for an NS vertex operator and —1/2 for an R vertex operator. Here the action / is 
obtained as 



z = u(z\rj) + 6((z\r))^Ju(z\r)), 



(2.4) 



9' = C(z\ V ) + 6y/d z u(z\v) + t(z\v)dz{(z\v)- 




(2.5) 




(2.6) 
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where I is the original worldsheet action, 6 J and 5 J are superfields representing differentials 
of supercomplex structure of the worldsheet, and B and B are superfields of the holomorphic 
and antiholomorphic superghosts. 

Let V consist of n R R vertex operators and n^s NS vertex operators in terms of right 
movers, and % R vertex operators and tins NS vertex operators in terms of lift movers. 
Then Fy is a form on A^/j iriRinNS x M.L,n n ,nns- The amplitude of the vertices V is then 

*V=^J/v. (2.7) 

The factor ^ comes from GSO projection. 

For heterotic string theory, the result is similar except for that the supermoduli space 
M. L is replaced by the bosonic moduli space. 

2.3 Coordinates of the supermoduli space 

One way to calculate the amplitude ( 12. 7p is to take an explicit coordinate on supermoduli 
space -M 9iTlNS)riR with dimension A e |A Q where 

A e = 3sf-3 + n NS + n R , A = 2g - 2 + n NS + n R /2. (2.8) 

To study odd coordinates, consider a split super Riemann surface E. Odd deformations from 
E can be identified with x £ -ff 1 (S re d, TV) where 

(«NS \ / «R \ 

-^Zi , ^ 2 ~TS rcd ®C i-^Xi . (2.9) 

We call the modes \ the gravitino backgrounds, as they come from the two-dimensional 
supergravity field which couples to superstring. We then choose a particular basis {x a } of 
i? 1 (E re d, TV) and expand x as 

X = J2^X a - (2.10) 



cr=l 



The term in / involving x is now 

A D 



(T = l 



^ = H^L (2.11) 



where S is the supercurrent twisted to live in T(1Z 1 £g> i^E red ): 

S = fS (2.12) 
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where / is a locally defined function which behaves f(z) ~ \fz — Xi near an R vertex at 
Xi and f(z) ~ z — z% near an unintegrated NS vertex at z\. The choice of a branch of / 
corresponds to the choice of a square root of ( 12.91) . In Type II theory, there is also a term 
involing both \ and \. The coupling between 8 J and (3 is similarly given by 

where /3 is defined as in f)2.12p . 

Inserting these couplings into (12.5p . we get 



/ " / A „ A , „ 

F v (m; d V \ m dm) = ( JJ V, exp - £ |^ / d 2 ^S " E ff / 

\i=l \ <T=1 ^red CT =1 ^S rcd 



x 



/ Ae dm- /■ -\ \ 

exp I — / d 2 zp?b J x (antiholomorphic part) x (pterin) \ . (2.14) 

\ 7 = 1 ^ S red / / 

** ' ' m,g 



Here () mg denotes the correlation function under the metric background corresponding to 
coordinates m of the genus-g bosonic moduli space Ai g ^ed and {/ij} is a basis of Beltrami 
differentials of n NS + n R punctured Riemann surface, b = gb is twisted to live in r(if£ rod <g> 
^i) ® (i- e - 9 ~ z ~ z i near a NS or R vertex at Zi). 

2.4 Picture changing formalism 

Integrating out 77 and d?7 gives the factor 

jW/ dV^W/ dV^W/" d 2 zx a f)s(f d 2 zx a s) 

+ (contribution from XX term). (2.15) 

A traditional choice of the gravitino basis {x} is to take x a = ${Pcr), X u = ^(Qa) for some 
p a q a inE ie d- If all p a and q a are different, XX term does not contribute. 
Then, the holomorphic part of the factor (12. 15p above becomes 

a <r <r 

The operator ^(p a ) is the picture changing operator. Then we have the familiar correlator 
' a A e , » X \ 

II Vi II y( p ^ II ( dmj / d V j H ) x (antihol. part) (2.17) 

V t cr=l j = l ^ JZ rcd J J 

but this expression is in general only valid in a patch of the super moduli space. 
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The formula (12.17P also has another problem. We assumed above that [x a ] = [5(p a )] 
forms a basis of if 1 (E re d, TZ), where [•] denotes the class in if 1 (E re d, TV). This is not always 
the case. To see this, let us write down the condition when are linearly dependent in 

if 1 (S red , TV), namely that the equation 

dy = J^e ff 6(p a ) (2.18) 
0=1 

has solutions for some complex numbers e CT and y. This means that y has meromorphic and 
has poles only at p CT 's. Equivalently, 

dim#°(£ red ,ft® 0(J2p«)) > 0- (2.19) 

When this happens the superghost correlation function has a pole, which is called the spu- 
rious singularity in the literature. Its appearance can be seen e.g. in (14. lip . 



2.5 Effect of the change of the coordinate system 

Consider two open subsets U\ and £7 2 of M. related by a superdiffeomorphism caused by a 
vector field 8y(z,z)d z . This changes the gravitino background as 

X^x' = X + dy (2.20) 

This induces to the change of basis \° as 

X a -> r' = X a + ~dy a (2.21) 

where ^2rj a y a = y. 

The modes x a an d X a ' represent the same class of H 1 ('E Te d,TV) and the coordinate r] a 
does not change. But the vector field 6y(z, z)d z causes a change on the metric at second 
order: 

h zz h zz + yx = h zz + Y^ VaVa'y r7 'x a - (2.22) 

(T,a' 

The metric h determines the bosonic coordinates of the moduli, and therefore this superdif- 
feomorphism gives rise to a change of the coordinates, mixing odd and even moduli param- 
eters. 

This mixing of odd and even coordinates leads to the subtleties mentioned above. Con- 
sider a dimension 1|2 complex supermanifold M and an integral 




(2.23) 
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where 00 is locally defined in a patch U as 



co = (70® + 7 2 (t)^ir7 2 )dt5(dr/ 1 )5(dr ?2 ). (2.24) 
If we integrate first on rjx and 772, it reduces to 

72 (t)dt. (2.25) 



But if M is not holomorphically projected, we need a coordinate change of the form 

t' = t + a(t)r]i7] 2 , Vi = Vh V2 = V2- (2.26) 
In the new coordinate system (t'l^,^), the integrand u> is now 

w = (Vo(0 + V a (0»»»»)d*' ( 2 - 2 7) 

with 

y a (0 = 72 (0 - ^ (a(07b(0) (2-28) 
and the integral f!2.23p reduces to 

y 2 (t)dt. (2.29) 



red 



Then the reductions ( I2.25P and (I2.29P differ by an integral of an exact term d t (a(t)7o(t)) dt 
on U re d- This causes difficulties when we try to combine local contributions from patches 
together. 

In the picture changing formalism, this phenomenon surfaces itself as the dependence 
of the correlators on the position of the picture changing operators, since changing their 
positions induces the coordinate changes of the super moduli space. Let us see it in a more 
traditional language. To move a picture changing operator to another position q, we 
first go to the large Hilbert space and move the BRST operator: 

(^(p)---> = ([QBRST,e(p)]e(g)---) (2.30) 

= (£(p)[Qbrst,£(?)] • • •) + (£(p)£(<?)[Qbrst, • • ■]) (2.31) 
•••) + [Qbrst, -••]}■ (2.32) 

The second term in the last line contains terms where Qbrst acts on the b ghost, thus 
generating exact terms on the moduli space of Riemann surfaces. 
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3 Poincare dual of the reduced manifold 

The arguments in the previous section also points the way out. Namely, we have an unam- 
biguous equality 

/ «= / / (3.1) 

JM JM Icd 

if 

odddimM 

" = / J] ^<W)- (3-2) 

More invariantly under the coordinate change, we state that the form locally defined as 

^ = YlviS(d'm) ( 3 - 3 ) 

i 

is well-defined globally, and is the Poincare dual of M rcd C M, since we have 

/ aAw= a\ Mrcd (3.4) 

JM JM Icd 

for all differential forms a without 5(dr)) so that the multiplication on the left hand side 
meaningful. a\ M d can be obtained ignoring all the terms containing 77's and dr/s from a. 

Let us check that the form w is invariant under the coordinate change. Suppose that 
two patches are glued as rf' = ip^(x\r]). Then, 

nw=n*(<ifw (3.5) 

= Yl s ( Y d ^ " dxi + Y ) (3-6) 

H \ i v J 

= exp ( diVte% J II 5 { Y 9uVdv u ] (3.7) 



where 



Similarly, we have 



exp (j2 Wdx'dA ^ IJ(di^) (3.8) 



'Y[ ^ = Yl I Y duV\ v =oV u + higher order in 77's J = Bet A JJ rf. (3. 



10) 
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Therefore we have 



V3 



Wrf'b^') (3.11) 

n 

Y[ V exp ( dtfjfdx'dt, )s(^2 d^drf J (3.12) 



V 



DetA J] Tf exp (0(rj)) ^ J] 5{drf) (3. 13) 



A' 



= J]V<W) (3.14) 

= w. (3.15) 

So, if we are to reduce superstring amplitudes to bosonic string amplitudes, we should 
check that the form Fy in ( 12 .14ft to be integrated can be represented as oj tc & A w. We call 
this phenomenon the saturation of rfs and drj's. This saturation in the picture changing lan- 
guage means that the exact term in (12.281) and (I2.32p vanishes, and therefore the correlation 
function to be integrated over the bosonic moduli space is completely independent of the 
positions of the picture changing operators. This saturation also guarantees that the shift 
of the bosonic part of the supercoordinate near the degenerate super Riemann surfaces by 
even nilpotent terms does not affect the computation. In particular, we can safely integrate 
the fermionic coordinates of NS vertices. 



4 Bosonic string amplitudes as superstring amplitudes 

In this section we study how the mechanism studied in the previous section manifests itself 
in the embedding Af = string theory to M = 1 superstring theory in [9]. 

The Af = theory has the matter part X m and the (6, c) ghost system. We then construct 
an J\T = 1 matter system consisting of the matter system X m , the shifted ghost system (6 1; Ci) 
whose spin are (3/2, —1/2), and the standard superghost system (b, c) and (/?, 7). The super 
Virasoro generators of the Af = 1 matter system are 

S m ,t = h + Cl (T m + dci&i) + ~d 2 Cl , (4.1) 

T mat = T m - ^hdct - l -db lCl + ^d 2 ( Cl d Cl ), (4.2) 

where T m is the stress energy tensor of X m . The central charge of T mat is 15. 

The shifted ghost system (61, ci) and (/?, 7) system have the same spin and the opposite 
statistics. They are expected to cancel and the whole system goes back to the original Af = 
system consisting of X m and the (6, c) ghost. We will see below that the integration of (61, ci) 
and (/?, 7) gives w = Ylv^i^-V) which is the Poincare dual of the reduced moduli space in 
the supermoduli space. 
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The correspondence between M = 1 vertex operators and M = vertex operators is as 
follows. Let Vi be a dimension-1 vertex operator of X m . Then c{Vi + OVi is a dimension- 1/2 
superconformal primary of the M = 1 matter system (X m , (&i, Ci)). Then, we can construct 
an J\f — 1 BRST invariant NS operator Vj(z, 2r 1 6 1 ) = c5(-y)(ciVi + OVi). Let us compute a 
form Fy defined in (12. 5p . Denote n is the number of vertex operators. Denote the product 
of the vertex operators by V = Yl7=i V* where each Vi is defined as above. Here we use NS 
operators Vi fixed at (zi,Zi\9 = 0). Then, Fy becomes 

Fy(m; d?7 1?7; dm) = 

n / 2g-2+n \ / 2g-2+n 

nv-exp - E £jf JVSU - £ dVrf 

i=l \ (7=1 "^red / \ 0-=! -^red 

/ 3g-3+n \ \ 

x exp f — y d 2 zf/bj \ x (antiholomorphic part). (4.3) 



i=l ^ fed / / m,g 



Here, is the basis of gravitino backgrounds as above. 

Only terms in (14. 3 p which have the b\C\ ghost number 2g — 2 are nonzero. The product 
of vertex operators Y[ Vs — Yl c ${l) c iVi has the b\C\ ghost number —n. Therefore we need to 
provide the b\C\ ghost number 2g—2+n from the expansion of exp ^— Yl 2 f=i +n 2^ Is d & 2z X° ' S 
The only possibility is 

2g-2+n _ 

II ^ / d ^^. (4-4) 



27T ,v 
(7=1 ^ ^rcd 



From a similar consideration on the be ghost number we conclude that only the term 

3g—S+n , „ 

JJ Z^i I dVS (4.5) 

contributes in the expansion of 



2tt j s 

2 — 1 ° ^rcd 



3g— 3+n , 

dm,- 



exp 



2vr /x 



E ^ *V& . (4.6) 



Next, we explicitly calculate the integration with 61 and field and confirm that the 
result does not depend on choice of {x a } an d reproduce the bosonic string amplitude. Let 
us expand &i by modes: 

2g-2+n 

h= v a bf + J2™>$1- ( 4 -7) 

a=l A 

where bf are bosonic zero modes, b\ are bosonic non-zero modes and v a and w\ are fermionic 
variables. The field 61 is allowed to have poles at Z; t where vertex operators C\ sit. Therefore 
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zero modes include meromorphic ones that have poles at Z{. Equivalently, {&"} is a 
basis of 

# °(£ rcd , TE-f ® 0(J2 z d) ( 4 - 8 ) 

j 

which is dual to the space of gravitino background 

iJ 1 (S rcd ,TS r 1 c / d 2 ®0(-^^)). (4.9) 

i 

Note that the superghost (3 is allowed to have poles at Zi because of presence of vertex 
operator 5(j). Then, we can expand (3 by the same basis as b\\ 

2g~2+n 

0= Y, ^ + ( 4 - 10 ) 

a=l A 

where v a and uj\ are bosonic variables. 

Integration with zero mode factors v a and v a in (14.31) gives the factor 

I d^v a d^ 2 u a exp ( - E 27 / d * z X" v & -Er/ d VV«6? 

= DetMn^^^^n 5 ^) = n^)^)- ( 4 - n ) 

where M m := ^ J s X^i • Now it is obvious that spurious singularity which occurs when 
the matrix M degenerates does not remain in the last form because of the cancellation with 
the contribution of b\ integration. 

Hence, Fy is proportional to w — (v<T$(dr] a )) and according to argument in Sec. El 

the amplitude becomes 
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™ NS ' nR ' rcd \ * 3 I bosonic 

The final point to consider is that the integration space in (I4.12p is not the integration 
space of the bosonic string, because r nNS)nR)re d = A^ sp in is the moduli space of Riemann 
surfaces with spin structures. This point is resolved as follows [7]. The moduli space of spin 
Riemann surfaces .Mspm has two connected components Ai + and M.~ , the moduli space of 
Riemann surfaces with even and odd spin structure respectively. We can define a phase of 
amplitude to each connected component separately. A Riemann surface with genus g has 
2 9 ~ 1 (2 9 + 1) even spin structures and 2 9 ~ l {2 9 — 1) odd structure. We should give a factor of 
— 1 to odd spin structure, then we have 



A 



v 



/ (n v »n/ d VM (4.i3) 

JM bosonic \ A A J / , . 



bosonic 
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5 Embedding topological string to superstring 



Let us now move on to the study of the graviphoton amplitudes in type II string theory and 
its reduction to the topological string amplitude, which is a bosonic string theory as far as 
the integration over the moduli space is concerned. 

Let us consider the compactification of Type IIA/B theory with M = 2 superconformal 
symmetry with central charge c = 9. For definiteness we take Type IIA theory. We Wick- 
rotate the time direction and introduce complex coordinates 

X U = X 1 + tX 2 , X V = X 3 + iX A . (5.1) 

We use M = (1, 1) superfield = X^ + 9^ + 6& + 96 F^. Here and in the following /j, 
runs over 1,2,3,4. With this set up, the worldsheet supercurrents are given by 

S = iil> lt dX fl + G + + G~, S = i^J)X» + G + + G~. (5.2) 

We would like to consider amplitudes among g — 1 graviphotons of momentum p^, g — 1 
graviphotons of momentum g M , one graviton of momentum p M , and one graviton of mo- 
mentum q M . We choose the polarizations so that graviton vertices Vr and the graviphoton 
vertices Vr are 

V R „ = cc6( 7 )6(j)D e X u D s X u e^ xu+ ^ xv \ 
V R ,uvuv = cc5^)5^)D e X"D^e l ^ xU+ ^\ 
V T ,uv = p t ,ccee5i5ie ip " xu+ip " x "SS, 
V T ,uv = quCceQS 2 S 2 e^ x " + ^ x "^. 
Here Si and S 2 are spin fields which have charges (1/2,1/2) and (—1/2,-1/2) under the 
bosonized currents of ip u and ip v , G is the spin field for /?7 system, and £ is the left- 
moving and the right-moving vertex operators of the internal system which has U(1)r 
charge (3/2, =p3/2) for typellA model and (3/2,3/2) for typellB model constructed from 
the bosonized version of the U(1)r current. Here we suppose that metric and gravitino 
backgrounds are turned off near vertex operators. 

We would like to check that there are no subtleties due to the odd moduli integration in 
the proof that the scattering amplitude of two gravitons and 2g — 2 graviphotons is equal to 
the genus- g topological vacuum amplitude J 7 * 013 : |8j[9] 

A g (y^/^«»(^) rl fe) rl ) = V^vlp 9 -\lql~ l W-fFT (5.4) 

to the leading order in the zero momentum limit. We will see the mechanism of Sec. [3] at 
work again. 

Let us denote the amplitude in the right hand side of f!5.4p as A. It has 2g — 2 RR vertices 
and 2 NS vertices, so the complex dimension of the supermoduli space is 5g — 3\3g — 1. Note 
that here we use unintegrated NS vertices. We write A as 

A= hL R < 5 - 5 > 
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The integrand F is 




X° G i/ 1 (cr rc d, TZ) are the gravitino basis, {/ij} is a basis of Beltrami differentials of 
Riemann surfaces with 2g marked punctures. A ±ziz is an operator of internal theory which 
couples to x T X T to complete Af = (2, 2) local supersymmetry. Note that A ±=t have ±1 
charge of holomorphic and antiholomorphic internal U(1)r symmetry because they couple 
to internal gravitino. 

Let us first discuss the internal U(1)r charge. The field Vp has (3/2, =F3/2) internal 
U(1)r charge. So we need to bring down sufficient number of operators from second, third 
and fourth line in (15. 6p to saturate U(1)r charge to get a nonzero contribution. All operators 
in second to third line in (15.61) have or ±1 U(1)r charge. So we should bring down 3g — 3 
77's and 3g — 3 rj. 

Second, consider the terms involving Vr. Recall again that we use unintegrated vertices 
here; the degrees of freedom of the bosonic and fermionic positions are counted in the 
Beltrami differentials /i's and x's. We therefore pick a specific value of the supercoordinates 
of the NS vertices, which we take to be 6\ = 62 = 0, 9± = 9 2 = for simplicity. Then, vertex 
operators become 

Vr,™ w (0i = 0) = cc%)<K7)^>V^" +p ^, (5.7) 
V R , umv {6 2 = 0) = cB^)5tf)r^e^ x ^ x *\ (5.8) 

Operators which has the charge of ip u are the following: ip u itself in Vr, i n Vr and ip u , if) u 
in xS term. Therefore, to have a nonzero contribution, we need to use the x$ term. We can 
treat ip v , tp u and ip v in a similar manner. In total, we need two 77's and two 77's to saturate 
these charges. 

Considering both the charge of U(1)r and the charges of f/Vs, we see that the only term 
which contributes has 3g — 1 of 77's and 3g — 1 of 77's. Therefore, it involves all the odd 
moduli, and the amplitudes we are considering can be represented as an integral over the 
ordinary bosonic moduli space, by the mechanism of Sec. [3J We can safely integrate the odd 
moduli. 
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Two of 77's and two of 77's correspond to the fermionic positions of unintegrated NSNS 
vertices. We integrate these odd moduli first to convert them to the integrated NSNS vertices. 
Then we have 

where V is a integration cycle in the supermoduli space of super Riemann surfaces with 
2g — 2 RR punctures whose dimension is 5g — 5\3g — 3. The integrand F int is 



Fint = ( II V T,zw(xi) Y[ V T ,uv{yj) j d 2 zV^ uvuv / dwV^ Mlll 



3^-3 5#-5 . / 39-3 . 

ml n £ L ^ ( - e t 

a=l Zn J ^ed i= i A71 ^S rcd V a=1 ^ 



3g-3 ~ ^ ± 5g-5 , ~ ^ / 39-3 

*n£jf n^/ E iv» ex P -e : 

<j=l "^red j =1 ^Srcd \ a=1 

+ (terms involving ), 



<m,g 

where V' R is the picture number NSNS vertex: 



/ d 2 z X a P 

'^icd J 


1 


[ d 2 zx°j3 

'£ r cd J 


1 


(5.10) 



(5.11) 



Now m, i], fi, x an d twisted fields b, G, [5 and their antiholomorphic counterparts are appro- 
priate ones for V . 

Then we integrate the rj directions of T', resulting in 



A= hl /;< " [ (rU2) 



where 



F rcd = ( 11 V T,uv(xi) \\ VrfiviVj) / d 2 zV^ uvuv / 

\ i j J^rcd J^r 

3g-3 3g-3 , ^ 5#-5 

x n / d2 ^G- n s 1 / d 2 ^^ n / d2 ^ 



x n / d2 ^ G n m / d2 ^ n / d2 ^ b 

+ (terms involving Axx) ) m , g ( 5 - 13 ) 
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At this stage we can set y CT to have delta function support at appropriate places, at least 
on generic points of r re d- Then we go to the familiar picture changing formalism. Terms 
involing A vanish if we place holomorphic and antiholomorphic picture changing operators 
at distinct points. The calculation of [S] goes unchanged. We can explicitly evaluate the 
contributions from the spacetime bosons and fermions, the ghosts (b, c) and 7), and the 
internal U(1)r boson. Then the integral over Xi, yi and Beltrami differentials associated to 
them can also be performed. We end up with 




(5.14) 



at the leading order of momenta, where G, G are now topologically twisted. This is the 
relation (15. 4p we wanted to show. 
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